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Typical cosmological models are based on the postulate that the universe is homogeneous and
isotropic in its spatial dimensions. Space is however not perfectly homogeneous, and contains
overdense regions in which matter is concentrating, leaving other underdense regions of almost void.
The evolution of the scale factor of the universe has been established from measurements on SNIa.
Since such events occur in regions were matter is present, we may expect that most of the SNIa
that have been observed are located in overdense regions. This means that the evolution of the
scale factor has been established in a biased manner, by considering only information coming from
these overdense regions, and excluding the one from the underdense regions. We develop in this
article a simple model to analyze the effect of this bias. We show that the identified bias leads
to the appearance in the Friedmann equation of a new term which can account for the apparent
acceleration of the expansion of the universe. We further show that this term presents the properties
of a cosmological constant, in particular that it tends to have a constant value, and that it is
associated to an apparent negative pressure.
I. INTRODUCTION
Typical cosmological models are based on the postulate
that the universe is homogeneous and isotropic in its spa-
tial dimensions. This postulate is generally known as the
Cosmological principle. Obviously, at small scales, space
presents heterogeneities and anisotropies, but we take
the Cosmological principle to apply only on the largest
scales, where local variations are averaged over. The ho-
mogeneity and isotropy of space at such scales imply that
it would be maximally symmetric, leading to the well-
known Friedmann-Lemaˆıtre-Robertson-Walker (FLRW)
metric. In typical cosmological models, this metric is
then used to determine the left part of the Einstein equa-
tion of general relativity:
Gµν + Λgµν = 8piGTµν , (1)
where Λ is the cosmological constant. The right part is
determined by estimating the average stress-energy ten-
sor of all identified sources. Solving the Einstein equation
leads finally to the Friedmann equations, allowing to pre-
dict the behavior of the scale factor a(t) of the universe
in function of the density. In simple words, this approach
allows to predict the global evolution of the universe in
function of its content.
It is known since the beginning of the study of cos-
mology that space is not perfectly homogeneous and
isotropic, but the effects of this characteristic on the evo-
lution of the universe have been investigated seriously
since some decades only. In particular, several authors
have postulated that the consideration of the inhomo-
geneity of space could account for the accelerating ex-
pansion of the universe, as evidenced by [1] and [2] from
the observations of distant Type Ia supernovae (SNIa).
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First of all, important efforts have been put by several
authors on the investigation of backreaction effects, see
[3], [4], [5] and many others. In such studies, the acceler-
ating expansion of the universe is explained by the fact
that the Einstein equation of general relativity should
not be applied as such for the FLRW metric, but should
be averaged in some way to take into account the inho-
mogeneous reality. The non-commutativity of the aver-
aging procedure would lead to new terms in the averaged
Einstein equations that would account for the observed
acceleration. In a different approach, [6], [7], [8], [9] and
[10] suggested that our galaxy is located in a large under-
dense region, and that this would alter the observations
of SNIa in such a way that it would lead to an apparent
accelerating expansion of the universe. While in the first
explanation, this accelerating expansion is considered as
being a reel behavior, in this second explanation, it would
just be an illusion.
We investigate here a different effect related to the
inhomogeneity of space. Reminding that this inhomo-
geneity is due to an non homogeneous distribution of
matter (matter is mainly concentrating in overdense re-
gions, leaving other underdense regions of almost void),
we would expect that SNIa do not occur randomly over
space. In fact, the more matter in a region, the more
stars can form there, and the more chances we have to
observe a SNIa. We could thus fear that most of the SNIa
that have been observed to establish the evolution of the
scale factor are located in overdense regions. If this was
the case, that would mean that we are establishing the
evolution of the scale factor in a biased manner, by con-
sidering only information coming from these overdense
regions, and excluding the one from the underdense re-
gions.
At a first sight, we could believe that such a bias would
only have a slight effect and could in particular not ex-
plain the observed accelerated expansion of the universe.
We will however show the contrary. In the next section
we develop a simplified model to represent the inhomo-
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2geneous reality of space, by considering only two kind of
regions, namely overdense and underdense regions. On
the basis of this model, we show in a very simple way that
the bias in the observations made on SNIa will make ap-
pear in the Friedmann equation a new term which can
account for the apparent acceleration of the expansion of
the universe. We will further show that this term presents
the properties of a cosmological constant, in particular
that it tends to have a constant value, and that it can be
associated to an artificial negative pressure.
II. EFFECT OF THE BIAS ON THE APPARENT
EVOLUTION OF THE SCALE FACTOR
From now on we assume that the cosmological constant
Λ is zero. The Einstein equation of general relativity
hence reads
Gµν = 8piGTµν . (2)
The simplest approach that can be considered to model
the universe is the one in which matter is distributed
in a perfectly homogeneous way. Such an assumption
allows deriving the Friedmann equations, but it is unable
to distinguish overdense and underdense regions, and it
is thus inappropriate for an investigation of the effects
of the bias identified above. A slightly more elaborated
representation of the universe would consider that space
is made only of two kind of regions, namely homogeneous
overdense regions and homogeneous underdense regions.
Let us consider a volume of space sufficiently large so
that it can be considered as representative of the uni-
verse. In this volume, overdense regions occupy a volume
Vo and have a constant density ρo, while underdense re-
gions occupy a volume Vu and have a constant density
ρu. For simplicity, we will even consider the limiting case
for which ρu = 0, meaning thus that all matter is con-
centrated in the overdense regions, and that underdense
regions are void. We will see that this simplified approach
contains yet the necessary level of detail to understand
the apparent acceleration of the expansion of the scale
factor.
In such a representation, we thus assume that the over-
dense and underdense regions can each of them be consid-
ered to be globally homogeneous and isotropic, and are
hence characterized by their own individual FLRW met-
ric. Obviously, there are some boundary effects between
both regions where this assumption is not verified, but
if those regions become sufficiently large, such boundary
effects will be negligible on a global scale.
In overdense regions, according to the first diagonal
component of the Einstein equation of general relativity,
we have
Gtt = 8piGρo , (3)
whereas in underdense regions we have
Gtt = 0 . (4)
The global average scale factor would present a behavior
lying between the ones of those both regions:
Gtt = 8piGρ¯ , (5)
where ρ¯ is the overall average density:
ρ¯ =
ρoVo + ρuVu
Vo + Vu
= ρo
Vo
Vo + Vu
. (6)
Now, since SNIa occur only in the overdense regions,
the scale factor that we measure in practice does not
correspond to the average one, but instead to the one
of these latter regions. The measured scale factor hence
verifies
a˙2
a2
=
8piG
3
ρo . (7)
At a first sight, we could think that the bias would not
alter the global behavior of the scale factor, except maybe
for a slight quantitative modification due to the fact that
this latter relation involves the density of the overdense
regions and not the average one, as in Eq. (5). This would
indeed be true if ρo would evolve as the average density,
but this is not the case. Overdense and underdens regions
have their own dynamic, and Vo and Vu do not exactly
follow the trend of the average scale factor (ovederdense
regions in some way shrink with respect to underdense
regions, see further), and as a consequence, the density
of the overdense regions decreases slower with respect to
how it would evolve in a perfectly homogeneous space.
Let us show this more formally.
Combining Eq. (6) and (7), we get
a˙2
a2
=
8piG
3
ρ¯
Vo + Vu
Vo
=
8piG
3
(ρ¯+ ρΛ) , (8)
where we defined
ρΛ = ρ¯
Vu
Vo
. (9)
Hence, the new evolution law of the scale factor, as it is
measured in practice, and expressed in function of the av-
erage density, is described by Eq. (8). It differs from the
one that would be expected from Eq. (5) for the global
behavior of the universe, due to the presence of a new
term, ρΛ, which according to Eq. (9) is clearly positive,
and can be considered as being related to an apparent
cosmological constant, as will be shown.
Let us first interpret the new term defined by Eq. (9).
At the early ages of the universe, matter was distributed
in a more homogeneous way than currently. Underdense
regions were much smaller with respect to overdense re-
gions, meaning hence that Vu/Vo  1. This implies that
in the parentheses of Eq. (8), the dominating term is the
first one, and the evolution law reduces to the expected
one, i.e., without an apparent cosmological constant. But
over time, large-scale structures develop, and the mat-
ter distribution presents more and more inhomogeneities,
3meaning that Vu/Vo increases. In the parentheses of Eq.
(8), the second term increases progressively, and at some
time, when Vu > Vo, becomes the dominating one. If this
term reaches a constant value over time (it will be jus-
tified further that this is indeed the case), an apparent
acceleration in the evolution of the scale factor will be
observed. This is indeed coherent with the observations
made from measurements on SNIa.
According to the proposed theory, the presence of ρΛ
in Eq. (8) is an artifact resulting from a bias in the mea-
surements made on SNIa. It does not correspond to the
existence of a real fluid or exotic energetic content of
space, and hence does not exert any pressure. In prac-
tice, however, from the measurements, it seems that dark
energy, which is supposed explaining the apparent accel-
erating expansion of the universe, has a pressure pΛ such
that
pΛ
ρΛ
≈ −1 . (10)
We will now show that this apparent pressure can once
again be explained by the bias in the measurements per-
formed on SNIa.
To show this, we could start from the second Fried-
mann equation, i.e.,
a¨
a
= −4piG
3
(ρ+ 3p) , (11)
and apply it in the overdense region. A naive application
would consider a null pressure, use the density of the
overdense region, and replace it by the average density
by using Eq. (6). We would make appear ρΛ as in the
first Friedmann equation, but there would be no appar-
ent pressure associated to it. This approach is however
incorrect. Indeed, if on the global scale, matter does not
present a significant pressure as usually assumed, inside
the overdense regions, it presents some pressure which
cannot be neglected. This is because the volume of the
overdense regions Vo does not expand at the same rate as
the one of the universe. Its expansion is a little bit slower
due to the development of the inhomogeneities, and this
can be explained by an apparent pressure.
Let us convince that this is indeed the case. We start
by differentiating Eq. (7) with respect to time:
a¨
a
=
8piG
3
ρo +
4piG
3
a
a˙
ρ˙o . (12)
To replace ρ˙o, we use the conservation of mass in the
overdense regions: in a matter dominated universe, ρoVo
is conserved over time, meaning thus that
ρ˙o = −ρo V˙o
Vo
. (13)
If Vo was expanding at the rate of the average scale factor
a¯, then it would be proportional to a¯3, so V˙o/Vo = 3 ˙¯a/a¯,
and we would have
ρ˙o = −3 ˙¯a/a¯ρo . (14)
This corresponds to the usual continuity equation for a
pressureless fluid. However, as explained above, Vo is
not expanding at the rate of the average scale factor,
and hence V˙o/Vo will present a difference with respect to
3 ˙¯a/a¯, which can be related to an apparent pressure.
The ratio V˙o/Vo is a priori time dependent, and can-
not be simplified in a general way: it depends on how
fast inhomogeneities are developing. However, a limiting
value to this ratio can be deduced. If initially matter
was distributed in an almost homogeneous way, small
disturbances appeared and led to the development of in-
homogeneities. The driving force of this phenomenon was
the gravitational attraction of regions having a slightly
larger density than other regions. Matter from those lat-
ter regions were then progressively attracted towards the
former ones, leaving behind them regions of voids that ex-
panded over time. Matter grouped together and formed
gravitationally bounded structures, such as galaxies and
even larger structures. It is a fact however that when
matter is gravitationally bounded, its volume does not
change anymore over time: on the one hand, a stable
structure has been reached and inhomogeneities do not
further develop to shrink this one. On the other hand, the
expansion of the universe does not imply an expansion
of such structures, because such effect is compensated by
the gravitational attraction. This can be illustrated by
galaxies which have stable dimensions over time. Then,
when all matter has been grouped together to form grav-
itationally bounded structures, the volume Vo would not
change anymore. This means that at the limit we will
have V˙o = 0, and hence ρ˙o = 0 also.
Using this result in Eq. (12) we get
a¨
a
=
8piG
3
ρo = −4piG
3
ρo + 3
4piG
3
ρo . (15)
Replacing ρo in function of ρ¯ by using Eq. (6), this can
be written as
a¨
a
= −4piG
3
(
ρ¯+ ρ¯
Vu
Vo
− 3ρ¯
(
1 +
Vu
Vo
))
, (16)
or
a¨
a
= −4piG
3
(ρ¯+ ρΛ + 3pΛ) , (17)
where ρΛ has been defined in Eq. (9), and where we de-
fined
pΛ = −ρ¯
(
1 +
Vu
Vo
)
. (18)
So we made appear in the second Friedmann equation a
term that plays the role of an apparent pressure. This
pressure is clearly negative. We notice that theoretically,
|pΛ| is not exactly equal to ρΛ, over time, it will tend to
the same value. Indeed, as explained above, at the limit
when all matter has been grouped to form gravitationally
bounded structure, the volume Vo will remain constant.
On the other hand, the volume of the underdense regions
4will continue to expand, meaning that for large times,
Vo  Vu, and hence
1 +
Vu
Vo
=
Vo + Vu
Vo
≈ Vu
Vo
. (19)
This shows indeed that for large time |pΛ| will tend to
ρΛ.
Let us finally provide a numerical estimation of ρΛ
to convince us that the proposed theory predicts a cos-
mological constant with a correct order of magnitude.
We stress that this comparison should be analyzed cau-
tiously, because of several limitations, amongst which:
the model we have developed considers a very rough ap-
proximation of reality, by representing the universe with
only two distinct regions; we have considered that the
underdense regions are completely void, whereas in re-
ality they contain some mass; the limits of underdense
regions (i.e., void regions) are not well-defined. A very
detailed comparison is thus not allowed.
From Eq. (9) we deduce that
ρΛ
ρ¯
=
Vu
Vo
. (20)
It is generally estimated that at the present time, cosmic
voids account for around 80% of space (see for example
[11], [12] and [13]). We then get ρΛ/ρ¯ = 4. Current
values estimated form the measurements for the density
parameters are ΩM ≈ 0.3 for matter and ΩΛ ≈ 0.7 for
dark energy, hence ρΛ/ρ¯ ≈ 2.3. Given the strong limita-
tions of the model mentioned above, the prediction is in
a quite good agreement with the measurements. It also
happens that in the range of values estimated for Vu, the
ratio Vu/Vo is very sensitive to small variations. For ex-
ample, the predicted value would have been identical to
the measured one if we had considered that cosmic voids
occupy 70% of space instead of 80%.
The value of ρΛ is theoretically time dependent, and is
thus not really a constant. We can however justify that
it will tend to a constant value. Starting from the fact
that V = Vo + Vu and as we justified above that over
time Vo will tend to a constant while Vu will continue to
expand, at some time Vu will become the dominant term
and so
V ≈ Vo . (21)
Hence, since V is proportional to a¯3, Vo will present the
same dependency. On the other hand, ρ¯ is proportional
to a¯−3. This means that in Eq. (9), the expression in the
right hand side indeed tends to a constant value.
III. CONCLUSION
We first noticed that measurements performed to es-
tablish the evolution of the scale factor of the universe
may contain a bias due to the fact that SNIa are proba-
bly not randomly distributed over space but instead oc-
cur preferentially in overdense regions. We developed a
model to investigate the effects of this bias on the ap-
parent evolution of the scale factor. This is a simplified
model that considers only two kinds of regions, namely
homogeneous overdense and homogeneous underdense re-
gions. On the basis of this model, we showed that the
bias was responsible for the appearance of a new term in
the Friedmann equation, and that this term could be re-
lated to an artificial cosmological constant. In particular,
while being theoretically time dependent, we showed that
over time this term would tend to a constant value. We
also demonstrated that this artificial cosmological con-
stant was associated to an apparent negative pressure
tending over time to have the same value in magnitude.
We finally showed that on a quantitative point of view,
the prediction of the model was in a relative good agree-
ment with the observations. We hence conclude that the
bias could account for the apparent accelerated expan-
sion of the universe, without needing the dark energy
assumption.
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